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Abstract. We consider realizations and matrix representations of the simple three-
dimensional Lie algebra s((2,C) over the field of complex numbers. Using a direct method
based on solving systems of first-order partial differential equations derived from the alge-
bra’s commutation relations, we find all faithful realizations up to equivalence. The obtained
exhaustive list of realizations is compared with the one over the real field. The explicit cor-
respondence between two realizations involving nonlinear coefficients in two variables and
two matrix representations is established. We also present an example of a realization that
cannot be linearized. Some possible applications of realizations and further investigations
are pointed out.
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1 Introduction

Although Sophus Lie himself initiated the construction of realizations, the problem remains
unsolved for many important cases. The description of Lie algebra representations through
vector fields is of significant interest and has broad applicability. This includes, in particular,
the integration of ordinary differential equations, the group classification of partial differential
equations, and the classification of gravity fields in general form under motion groups or groups
of conformal transformations, among others (see additional applications in [5]).

Present paper is organized as follows. First, we provide basic definitions and notations
in Section 2, then, in Section 3, we list all inequivalent realizations of the complex three-
dimensional special linear algebra and discuss connections between realizations and representa-
tions of sl(2, C).

2 Preliminaries

Let V be an n-dimensional complex vector space together with a bilinear antisymmetric multi-
plication operation [, -|: V x V — V satisfying the Jacobi identity

Vo,y,z€9 oyl =—ly,al, Az oyl 2 + Iy, 2l 2l + [z, 2], 9] = 0.
The operation [, -] is called a Lie product (a commutator) and an algebra g = (V, [+, ‘]) is called
an n-dimensional Lie algebra over C. Let (e,...,e,) be a basis of V, then the Lie algebra g is

defined by its commutation relations [e;, e;] = > ;_; C’fjek, with the structure constants tensor
Cikj eC, i,j5,k=1,...,n. Below, we omit the sum symbol and use the summation convention
for repeated indices. We also assume that the indices i, j, k, ¢, j and k run from 1 to n.
General linear group acts on g as a basis change. Namely, consider a matrix A = A; € GL,(V)
and let B = A~! be the inverse of A, then the corresponding basis change é; = Aé e; in the vector
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space V leads to the following transformation of the Lie products and structure constants:

5 5 ‘ j i A3 i AT Rk 5 ~k
Denote the group of all the automorphisms of the Lie algebra g (which preserve the structure
constants) by Aut(g) € GL, (V) and the group of its inner automorphisms by Inn(g) C Aut(g).
The main object of this paper is the unique simple complex three-dimensional Lie algebra
s[(2,C), which is defined as the algebra of 2 x 2 traceless complex matrices. The standard choice

of basis for this algebra is

S B ()

which satisfy the commutation relations

[67 f] = h, [hv 6] = 2e, [fv h} =2f. (2)

There are other bases of sl(2,C), for example, the Hermitian basis is given by the Pauli matri-
ces. For our purposes, it is convenient to choose the basis e; = e, es = —%h, es = —f with
the commutation relations

le1, e2] = e, le2, e3] = e3, le1, e3] = 2ea. (3)

In this work, we adopt the main definitions and the method for the construction of realizations
developed in [5]. Let M C C™ be an m-dimensional domain, m € N, and Vect(M) denote vector
fields on M with analytical coefficients. Roughly speaking, we consider the Lie algebra spanned
by homogeneous first-order differential operators with the coefficients £€“ that are analytical
functions on M,

0 0 0
1 2 m
T1,L9, ..., Lm)=— +E(x1, 20, ..., 2m)=— + -+ T1, L9,y L) =——- 4
5 ( 1,42 m)axl § ( 1,42 m)al‘g g ( 1,42 m)axm ( )
Hereafter, indices a and § run from 1 to m, d, = % and x is a short notation for the set of
all coordinates x1,xo, ..., Tm.

A Lie multiplication of operators of the form (4) is given by the commutator

(€% ()0, 1 (2)95] = € (x) - (n° (2))a05 — 0 () (€ () 300

Definition 1. A homomorphism R: g — Vect(M) is called a realization of a Lie algebra g in
vector fields on a domain M. Two realizations R;: g — Vect(M;) and Ry: g — Vect(Ms) are
called equivalent if there exist an automorphism transformation A € Aut(g) and an invertible
function f: My — My with the induced isomorphism f,: Vect(Mz) — Vect(M;) such that for
all g € g we have Ri(g) = f«R2(Ag). If Ker(R) = {0}, then a realization R is called faithful.

Note, that we work only locally and non-local classification of realizations can contain more
cases, that are locally equivalent. At the same time, we can apply the obtained operators not
only locally, but everywhere where they are defined.

To construct a realization R of a Lie algebra g by the direct method, we start from given
commutation relations and assume that the basis elements of g are of the general form (4):
R(e;) = &' (x)0q. Substituting basis elements into the commutation relations, we obtain a system
of first-order partial differential equations for the coefficients £*(x). By solving such systems
and investigating the equivalence, we obtain the desired classification.

This method is significantly simplified in the case when one of the basis operators is reduced
to the shift operator 0; using invertible transformations of the domain M.
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We also can construct realizations step by step, starting from the one-dimensional algebra to
two-dimensional, and so on. In this case, the key role is played by the megaideals of co-dimension
one (a vector subspaces of g invariant under Aut(g)). Such the (n — 1)-dimensional invariant
subspaces do exist for all solvable Lie algebras, but not for the unsolvable ones. For simple
Lie algebras, not only megaideals of co-dimension one do not exist, but for some of them even
(n — 1)-dimensional subalgebras do not exist, an example of such an algebra is s0(3) — the real
three-dimensional algebra of the rotation group. This significantly complicates the construction
of all realizations of unsolvable Lie algebras and the task of proving their non-equivalence.

Another important concept that simplifies the study of realizations is the realization rank.
Let us fix a point x € M and consider the n x m matrix formed by the coefficients of basis
operators at this point

§i(x) &) .. &nlx)
We will call the rank of the matrix &(x) at the point x the rank of realization R at point x
and denote it by rank(R;). Note that the rank value satisfies the inequality 0 < rank(R;) < n,
where the upper bound n corresponds to the number of basis elements of g. The notion of real-
1zation rank can also be introduced by considering the maximum rank attained across the entire
domain M, rank R = max,cp{rank(R;)}. The rank of realization is an important invariant
quantity, since it does not change under the action of the group of automorphisms and under
the action of diffeomorphisms of the manifold M.

3 Realizations and representations of s[(2,C)

Using the direct method described above, we classified all inequivalent realizations of the complex
Lie algebra sl(2,C) starting from the commutation relations for the basis ej, eg, e3.

Theorem 2. There are only four inequivalent faithful realizations of the Lie algebra sl(2,C)
with the commutation relations (3), which are ezhausted by the list:
(i) D1, 2101 + 2200, T30 + 2212202 + 203;
(ZZ) 31, 101 + fL‘QBQ, (ac% + 33%)81 + 2:1:133282;
) O, £101 + 2204, x%@l + 2212905 ;
)

(iv) 01, 2101, $%81.

(iii

It was proven in [4] that all inequivalent realizations of the real Lie algebra s[(2,R) coincide
with the list (i)—(iv) up to one additional realization

R3(e1) = 01, R3(e2) = 2101 + 2202, Ry(e3) = (2] — 23) 01 + 21220,

If we apply a nondegenerate coordinate change 1 = z1, 3 = izs to the realization Rs,
where i is an imaginary unit, then it takes the form

R3(€1) = 8551, Rg(eg) = (:L'l -1+ 29 - 0)6@1 + (ZE1 0+ 22 i)@@ = :El&gl + 1‘28562,
}%3(63) = ((IJ% — x%)@il + 2.%‘1137285;2 = (.i'% -+ :%%)85;1 + 2@1@285;2.

Now it is clear that over the complex field the realization Rj is equivalent to the case (ii) from
the theorem list.
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Let us compare the ranks of the realizations in the theorem list. Realization (i) has rank three,
and realization (iv) has rank one, so they cannot be equivalent to any of the other realizations.
The only pair of realizations that may be equivalent are realizations (ii) and (iii).

Our next task is to consider matrix representations of s[(2,C) and examine how they are
related to inequivalent realizations listed in Theorem 2.

Let us define how an abstract Lie algebra g can be viewed as a subalgebra of endomorphism
algebra of an n-dimensional complex vector space V' (this vector space may not coincide with
the vector space on which the Lie algebra is defined).

Definition 3. A representation of a Lie algebra g is a Lie algebra homomorphism ¢: g — gl(V).

For each Lie algebra, there are always two representations: trivial and adjoint. A trivial
representation is one in which each element of the algebra is mapped to the zero element of the
vector space, and such a representation has no essential applications.

The adjoint representation for V' = g is given by the map

ad: g — gl(g), adyy = [z,y] forall z,y € g.

Consider the adjoint representation of sl(2,C) with the basis commutation relations (3),

010 -1.0 0 0 00
ade, =10 0 2|, ade,=| 0 0 O, ade;=(-2 0 0. (5)
000 0 01 0 -1 0

Another type of representation that always exists for Lie algebras defined over a vector space
of finite-dimensional matrices is the natural representation, i.e., the embedding of a Lie algebra
into the corresponding matrix algebra. For the Lie algebra s((2,C), the natural representation
of basis elements can be taken in the form (1).

In general case, all irreducible representations of sl(2, C) can be constructed as weight repre-
sentations or as homomorphisms on the complex vector spaces of homogeneous polynomials of
two variables, for more details see, e.g., [2]. Here we present the general result in the form of
(d+ 1) x (d+ 1) matrices (d € N) for the homomorphism ¢ of the basis elements e, f, h with
the commutation relations (2),

010 0 0 0 0 0
0 0 2 0 d 0 . 00
pl@O)=|1: 1, e(H=[0 d=1 - 0 0F,
000 d : : PR
000 0 0 0 10
d 0 0 0 ©)
0 d—2 0 0
p(h) = | : : . : :
0 0 e —=d+2 0
0 0 0 —d

Analyzing the general form of the representations, we can conclude that the natural represen-
tation corresponds to the case d = 1 and the adjoint one corresponds to the case d = 2.

Our next task is to establish a correspondence between the representations and the real-
izations of the Lie algebra sl(2,C). To begin with, let us note that it is possible to establish
a one-to-one correspondence between realizations with linear coefficients and matrix representa-
tions. Such a correspondence follows from the fact that the subspace of vector fields with linear
coefficients is actually a Lie subalgebra and is isomorphic to the general linear Lie algebra, see,
e.g., [1]. For practical applications, it is convenient to express this statement in a non-invariant
form, employing the structure constant tensor and the representation matrices.
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Lemma 4. Let g be a Lie algebra given by commutation relations [e;, e;] = C’fjek. If this algebra
has a representation ¢ with the corresponding m X m matrices p(e;) = ®;, where the matrix
elements are (@i)g, then the set of first-order differential operators with the linear coefficients

m m
E = > (@5 | Oa
a=1 \p=1

is a realization R(e;) = E; of g and vice versa: any realization with linear coefficients generates
the matrixz representation of the Lie algebra.

3.1 Example of the natural representation

Let us consider the matrix representation (6) for the case d = 1, it coincides with the natural
representation (1). Using Lemma 4, we construct the corresponding realization with linear
coefficients

R(e) = $182, R(f) = 1‘281, R(h) = xlal - xgag.

In order to compare this realization with the list of inequivalent cases presented in Theorem 2,
we express it in the e-basis

R(61) = 2109, R(eg) = —%xlal + %xgag, R(eg) = —290;.

To establish which of the realizations from Theorem 2 this realization is equivalent to, we reduce
the operator z102 to the shift operator 0z,. To proceed, we perform the change of variables
T = %, Z9 = x1, under which the realization takes the form

f{(el) = 65;1, R(eg) = 531851 — %5;28532, R(eg) = 53%851 — 5:156285;2.
To reduce the realization R to the realization (iii) from Theorem 2, we apply the additional
transformation I = 1, To = %2 and we get
2

R(el) = 651, R(ez) = %18%1 + ‘%283202’ R(eg) = %%8;1 + 25:61‘7:;2852.

Therefore, the realization constructed from the natural representation is equivalent to the
nonlinear realization (iii) in Theorem 2. Since the transformations, we constructed are invertible
(except for the case 2 = 0, but this is the case of unfaithful realization), we can construct the
inverse transformation to their composition and embed the nonlinear realization into a linear
space.

3.2 Example of the adjoint representation

Let us consider the matrix representation for the case d = 2 which is the adjoint representa-
tion (5). Its corresponding realization with linear coefficients has the form

R(el) = 1‘182 + 2%263, R(ez) = —x181 — .%'383, R(@g) = —21’281 — :B382.
To reduce this realization to the case (ii) from Theorem 2, we perform the transformations

i) +1 2 ~ —-1/2/ 2 ~ 1
Tl = —— — 1 + x173, Tg =z 7 (23 — m123), T3 = —
1 1

and we get

R(el) = 8551, R(ez) = i18@1 + 12‘26552, R(eg) = (SZ‘% + i%)@gl + 25715328@2.

Therefore, the realization constructed from the adjoint representation is equivalent to the non-
linear realization (ii) in Theorem 2.
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3.3 Realizations of the ranks one and three

Irreducible representations (6) for d > 3 correspond to rank-three realizations and should be
equivalent to the case (i) of Theorem 2; however, the transformations that reduce them to this
case are quite complicated and cumbersome.

We will show that the realization ey = 01, ea = 1101, e3 = x20; (case (iv) from Theorem 2)
cannot be represented as a realization with linear homogeneous coefficients. It is evident that
this realization cannot be linearized via any non-degenerate transformation of the basis elements.
Therefore, it suffices to prove that no non-degenerate change of coordinates can transform this
realization into a linear one. Suppose that there exists a change of coordinates with a non-
vanishing Jacobian:

T = fi(z1), T2= folz1), ..y Tm = fm(z1), J(fi(z1), fa(z1), ..., fm(21)) # 0,

which transforms the second and third operators into the form
€2 = aapfp0s,, és = bap 0.,

where a3, bag, o, f = 1,...,m, are complex constants. Constructing the corresponding system
of partial differential equations for these operators and using the condition é3 = x1é3, we obtain
a system of functional (not differential) equations that is linear and homogeneous in the functions
fiy- -+, fm. This contradicts the assumption that the Jacobian J(fi(z1), fo(x1), ..., fm(z1)) # 0.
Hence, such a coordinate transformation does not exist.

Most likely, this case corresponds to an infinite-dimensional matrix representation; however,
this issue is quite complex [3] and will be the subject of our future investigations.
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Amwnoramis. Po3risinyTo peasizarii Ta MaTpuuHi 300paskeHHs MPOCTOI TPUBUMIPHOI ajire-
6pu JIi sl(2,C) Hag moseM KOMIUIEKCHUX YHCeI. 3ACTOCOBYIOUH MPSAMHUIT METOI, IO TIOJISTae
y po3B’s3anHi cucTeM AudepeHIiaIbHUX PIBHIHD Y YaCTUHHUX MOXITHUX, OTPUMAHUX 3 KO-
MYTAIlifHUX CIiBBiAHOIMIEHDL aarebpu, 3HANRIEHO yCi TOUHI peasizaliil 3 TOYHICTIO 0 eKBiBa-
JsieHTHOCTI. BeTaHOBIEHO BiAMOBIAHICTD MizK OTPUMAHUM BUYEPITHAM MIEPETIKOM Ta aHAJIOTI9-
HEM CIICKOM Peasni3ariiil /i BUMaAKy HoJid mificHaux guces. s 1Box peasizariiit panry aBa
3 HeMHITHIMET KoeillieHTaM1 TTPeACTaBICHO IBHUI BUTJIS MEPETBOPEHD, IO 3BOIATH 1X 10
MaTPUYIHUX 300pazkeHb. TakoxXK y poOOTI HABEIEHO TPHUKJIAJ Peasi3aliil, 0 HeeKBiBaJIeHTHA
JKOJHOMY CKIHYEHOBHMIPHOMY MaTPHIHOMY 300pazkeHHi0. BKa3zaHo MOXKINBI 3aCTOCYBaHHS
1 MOJAbINNI HAIPAMOK JIOCTII?KEHbD.

Karowoei caosa: ipocti amaredbpwu JIi; peanizariii; BeKTOPHI TOJIsT; 300pasKeHHsT
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