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Abstract. In this paper, we perform a Bayesian inference of the parameters of the Starobin-
sky inflationary model with subsequent reheating stage using the MCMC method and the
observed data on the anisotropy of the cosmic microwave background collected by the Planck
collaboration and on baryonic acoustic oscillations. The reheating stage is modeled by a sin-
gle parameter R,e,, which contains a combination of the reheating temperature T}, and the
effective equation of state during reheating wyen. Using the modified Boltzmann code CLASS
and the MontePython program with the GetDist package, we perform a direct analysis of
the space of model parameters and obtain their posterior distributions. By computing the
Kullback—Leibler divergence, we estimate the information gained by the parameter inference
from the observed data. In the proposed parametrization, we achieve 7.73 bits of informa-
tion about the inflaton potential amplitude and 1.64 bits of information about the reheating
parameter. The results are compared with those existing in the literature implying that
the specification of inflationary model allows to better constrain the reheating stage than in
the model-independent approach to inflation. Finally, we draw constraints for the reheating
temperature and average equation of state. Although the former can vary within 16 orders
of magnitude (in the 95% credible interval), for the latter there is a clear preference for
the values larger than zero, meaning that the usual dust-like equation of state Wy, = 0 is
excluded at more than 20 level.

Keywords: inflation; reheating; MCMC; CMB; Planck; Bayesian inference; CLASS; Mon-
tePython.

1 Introduction

Modern physicists are well aware of the picture of the evolution of the Universe, starting from
the radiation dominated era (RD), during which the Robertson-Walker scale factor a(t) grew
according to the law v/t. However, for the successful realization of the evolution of the Universe
within the framework of the standard Big Bang model, physically unlikely initial conditions are
imposed on the Universe at its very origin, which lead to serious cosmological problems, such
as the horizon problem, the flatness problem, the entropy problem and the problem of initial
inhomogeneities (for more details see [24]).

A solution to these problems is provided by the inflationary model, which was proposed by
a number of authors in 1979-1981 [10, 20, 22|, and developed by Alan Guth in 1981 [8]. The
main idea of the inflationary model is the presence of accelerated expansion of the Universe,
which took place before the RD era. At this stage, the equation of state was approaching the
vacuum p = —p, the Universe was expanding rapidly and, finally, became homogeneous on large
scales and spatially flat with high accuracy.
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The most remarkable aspect of inflationary theories is that they lead to a natural quantum
mechanical mechanism for the origin of cosmological fluctuations observed in cosmic microwave
background (CMB), large-scale structures (galaxy clusters, voyages, etc.), and potentially in
the gravitational wave background (which is predicted to be detected by the LIGO/VIRGO
collaboration [15] and PTA pulsar observations [23]).

The key role in inflationary models testing is played by measurements of the anisotropy
of the cosmic microwave background, starting with the first detection by the COBE satellite
(NASA) [5], the measurement of Doppler peaks by the WMAP satellite [25] and ending with
the latest data from the Planck mission [19]. The detection of the CMB polarization [11] was
another important achievement and will be of key importance in future studies.

However, to build a complete picture of the early Universe evolution, it is also important
to understand how the inflationary stage transitions into the RD era. At the end of inflation,
the inflaton is usually thought to oscillate around its minimum potential, gradually decaying
and transferring energy to the relativistic plasma. This post-inflationary process, which fills the
Universe with ordinary matter, is known as the reheating. The traditional approach to describing
the reheating is based on the fact that inflationary oscillations, which can be interpreted as a set
of inflationary particles with zero momentum, cause the formation of elementary particles of
the Standard Model. Interacting with each other, they come to a state of thermodynamic
equilibrium, launching the standard Big Bang cosmology [24].

Usually, the literature neglects the post-inflationary reheating stage, considering it to be in-
stantaneous. However, as shown by the authors of [18], the observed data already carry a certain
amount of information about this stage (1.3 £ 0.18 bits). This means that the interpretation of
the observed data without taking into account the reheating stage can lead to a distortion of
the picture of the Universe evolution.

In this paper, we perform a Bayesian parameter inference of the Starobinsky inflation model
with the reheating stage using the MCMC algorithm and the observed data on the anisotropy
of the CMB collected by the Planck collaboration [19] and on baryon acoustic oscillations [6].

This paper is organized as follows: in Section 2, we give a brief theoretical background on
inflationary theories and the reheating phase; in Section 3, we formulate the mathematical prob-
lem and outline the features of the numerical methods used; in Section 4, we present the results
and corresponding plots and analyze them; in Section 5, we summarize our work. Through-
out, we will work in the natural system of units ¢ = h = kg = 1 and use the Planck mass
Mp; = 1.22 x 10" GeV.

2 Literature review

2.1 Inflation model

To realize the inflationary stage, it is enough to assume the existence of a scalar field ¢, called
the inflaton, such that at some early time it takes a value at which the potential V(¢) is large
but almost constant [24]. Initially, this scalar field ‘slides’ down with the potential very slowly,
so that the Hubble parameter decreases slowly enough, and before the inflationary field changes
significantly, more or less exponential inflation has already occurred in the Universe.

There are several hundred inflationary models [17], but among this variety, models with
Starobinsky potential occupy a special place. The Starobinsky [22] model was one of the first
models of inflation to be proposed. It is characterized by an action that contains the Einstein—
Hilbert term together with an additional term that depends on the second order of scalar cur-
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where R denotes the scalar Ricci curvature, g is the determinant of the metric g,,,,, and M is
the free parameter of the Starobinsky model expressed in units of mass.

The Starobinsky action can be rewritten in a form that explicitly includes the scalar field
action term by using a conformal metric transformation

T ¢
Juv — €Xp <_4\/;]\/fm) G-

After that, the action can be written in the form
M3 1
S = /d“x V=9 [—MPIR + 50" p0up — V(@)} :
T

where V() is the potential of a scalar field of the form

Here Vy = ?Q%MI%IM 2. Tt is this parameter that we will use as a free parameter of the model for
Bayesian inference.

In this paper, we study the mechanism of inflation through the Starobinsky potential. This
choice is motivated by the fact that the Starobinsky inflation model arises from simple physical
considerations and does not use ad-hoc parameters. It can also be shown that the Higgs inflation
potential [2] (which is also a very natural candidate) in the large-coupling limit reduces to the
same form [17]. Thus, using this potential, we can simultaneously investigate the two most

natural models of inflation: Starobinsky and Higgs.

2.2 Reheating

The theory of inflation also requires a stage of post-inflationary reheating, during which the
scalar inflationary field decays into Standard Model particles and the stage of the hot Big Bang
begins.

The reheating stage can be modeled using two parameters: the reheating temperature 7o
and the effective equation of state @yen, which is defined as follows [7]:

1 Nren

Wreh = N. wreh(N) dN7

reh — Ne Ne
where wyep (V) = % is the equation of state, N, and N, are the number of e-folds at the end of
inflation and reheating, respectively.

Next, we need to calculate the number of e-folds from the moment when the reference mode
goes beyond the horizon to the end of inflation N, = In($¢). The condition for the mode with
momentum kx to go beyond the horizon is defined as k]ir = 1. Let us write this expression as
follows:

k* ag Qreh Gend 1
aQ Greh Gend Gx Hiy

According to the entropy conservation law

_ (s) 373 _ 3 73
5= g*,Oa’OTO = g*,reharehTrehﬂ

where s is the entropy density, g, is the effective number of degrees of freedom, g,(f) is the
effective number of entropic degrees of freedom, 1" is the temperature, a is the scale factor.
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Then,

1
ao _ Treh Gx,reh :
Greh TO gis())

p+3H(p+p)=0,

Using the energy conservation law

we can relate the scaling factors and energies at the end of inflation and reheating through wyepn

-1
Qreh <preh> 3(1+%ren)
Qe Pe

All the energy at the end of the reheating is transferred to ultra-relativistic particles, so the
energy density at the end of the reheating can be written as

7T2 4
Preh = %g*,rehTreh .

So,

1
Gyeh — 7r—29 Trth S0 ren)
a0 30 *,reh De .
Thus, the number of e-foldings from the moment when the reference mode goes beyond the

horizon until the end of inflation is determined by the following expression

1
H, agMp; Tp (ﬁh,reh)é <772 Tr4eh> 3(1+wreh)]
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30 Pe

As shown by the authors of [18], for a complete description of the reheating process, it is
sufficient to consider a certain combination of the parameters T en and @wyep, rather than each of
them separately. Therefore, we will use the so-called rescaled reheating parameter

1

1 1 1

a p 1 pd 2 T4\ 30T oren) 2

Rreh = a E < - > ]\; = <3og*,reh zeh 5 64 1 . (2>
reh \ Preh Pl Pe (%9*,rehTreh) 1 Mp;

Finally, using the parameter Ry, and the Friedman equation p, = %H 62M]2:,l7 we obtain the
expression for determining the required number of e-folds

H(N,
Ny, =Ny+InRiep, +1n (1(,{)) , (3)
e

where
(s)\ L
Toao (907*)3 ™38
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~ 62.7.

1
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greh,*

This expression is an implicit equation in N,, the solution of which depends on the dynamics
of the inflaton field. The equation (3) allows us to obtain the exact value of the number of

e-foldings between the moment when the reference mode goes beyond the horizon and the end
of inflation.
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2.3 Cosmic microwave background

As noted above, while we do not yet have reliable observational evidence for the inflationary
model, we do have cosmic sources of information that can impose constraints on inflation and
reheating models. The most important source of information is the relic radiation, or cosmic
microwave background, the anisotropy of which is studied by the Planck collaboration (ESA
mission).

The CMB is a residual electromagnetic radiation that originated about 380000 years after
the Big Bang starts, during the recombination epoch, when the temperature of the Universe
dropped enough to form neutral hydrogen atoms, causing photons to stop interacting with
matter and start to spread freely in space. Measurements of the CMB show that it corresponds
to the spectrum of an ideal blackbody with a temperature of Ty =~ 2.725 K, demonstrating high
isotropy with fluctuations at the level of %T ~ 107°. However, it is this small anisotropy that is
of the greatest scientific importance, as it constrains the parameters of inflation, the properties
of decaying or annihilating particles, primary black holes, topological defects, primary magnetic
fields and other exotic physics.

For the quantitative analysis, the Planck collaboration [19] introduces two-point angular
correlation functions and performs a harmonic expansion of the CMB map. Letting 7', Q and U
denote the intensity and Stokes parameters for the polarization, we define

Ao, = /dﬁY;;n(ﬁ)T(ﬁ),
A E¢m, + iaBgm = /dﬁ iQYZ:n(TAZ)(Q + ZU)(ﬁ),

where 12Y7,, are spherical spin harmonics proportional to the Wigner functions.
For the case of statistical isotropy, it is necessary that the quantities (aj,,a¢ /) should be
diagonal and depend only on ¢. Then we write

X Y XY
<a£ma€’m’> = Cé 5€’€5m’m7

where XY € {T,E,B} denote the temperature and polarization modes, and C'j(y are the
angular power spectra. It is also convenient to determine the angular power spectra

0+ 1)CXY

XY
Dy = 2

(4)
The autospectrum Dng shows the approximate contribution of the logarithmic interval of
the multipoles centered on ¢ to the fluctuation variance. It thus reflects the relative importance
of different contributions to the signal as a function of scale.
It is the angular power spectra that carry information about the anisotropy of the relic
radiation, and it is these that we will use as data for the Bayesian inference.

2.4 Bayesian inference

Bayesian inference is a method of statistical inference based on the use of Bayes theorem to
estimate model parameters. The basic idea is to update the probabilities of the model parameters
based on new experimental data. Bayes theorem defines the relationship between the a posteriori
probability of the parameters 6 given the available data D, the likelihood and the a priori
distribution:

P D)= "0,

where
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e P(0 | D) is a posteriori distribution of the model parameters (the probability of the
parameters 6§ after taking into account the data D);

e P(D | ) is the likelihood (probability of obtaining the observed data D with the given
parameters 6);

e P(0) is a priori distribution of parameters (information about the parameters before ob-
taining new data);

e P(D) is evidence, which acts as a normalization factor and is calculated as an integral of
the likelihood over all possible values of the parameters:

P(D) = / P(D | 6)P(6) do.

The Bayesian approach allows not only to estimate the values of the parameters, but also
to calculate the uncertainty in their values in the form of a complete posterior distribution.
However, for complex models with many parameters, finding the integral P(D) is usually a com-
putationally expensive task.

To avoid calculating this integral, the Markov chain Monte Carlo (MCMC) method is used.
MCMC allows you to generate a set of random samples from a posterior distribution without
having to calculate the proof P(D).

The MCMC algorithm builds a Markov chain — a sequence of parameters values 61, 02,03, ... —
such that each new state depends only on the previous one. In the equilibrium state, the density
of points in the parameter space which belong to the chain approaches the posterior distribution
PO | D).

The most common implementation of the MCMC method is the Metropolis—Hastings algo-
rithm. At each step, a new value of ¢ is generated from the propositional distribution ¢(8’ | 9),
and its acceptance is performed with probability

P(D [ 6")P(0')q(0 | 9’))
P(D [ 0)P(0)q(0"[6) )

A = min <1,

If the new value is accepted, then 6,11 = ¢, otherwise 6,11 = 6,,. For a more detailed intro-
duction to the MCMC method, we refer the reader to [21].

3 Aims and numerical methods review

We aim to study the parameter space of the Starobinsky inflation model (1) with a reheat-
ing 6 = (Vo, Ryen) using the MCMC method. Unlike the authors of [18], who use a model-
independent approach to inflation stage, we apply the MCMC algorithm directly to the param-
eters Vo, Rren. We compare the posterior distributions obtained with their results. And we
will conclude whether this approach gives results different from the inflation model-independent
approach and whether it is worth using.

To do this, we use the Boltzmann code CLASS [3,13], which solves all the Universe background
dynamics, and the MontePython program [1,4], which implements the MCMC algorithm. We
analyze the resulting chains using the capabilities of the GetDist package [14].

By default, CLASS does not take into account the reheating stage. Therefore, we modified the
CLASS code by implementing the reheating stage in the primordial module by the equation (3).

The data against which we will compare our model are the angular spectra (4) of temperature
(TT), polarization (TE and EE) and lensing (¢¢), which are contained in the likelihood func-
tions ‘Planck_highl TTTEEE’, ‘Planck lowl EE’, ‘Planck lowl - TT’, ‘Planck_ lensing’ [19], and
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the baryon acoustic oscillation observations (BAO) [6] contained in the likelihood functions
‘bao_boss_dr12’, ‘bao_smallz_2014’.

As a priori distributions, we take homogeneous distributions on the logarithmic scale, includ-
ing a wide range of values of In R}, € [—46.15 + %ln(’])\‘ﬁd)] and InVj € [—150, —28] in Planck
masses. These values are due to the fact that the reheatEl)hg that occurs after inflation requires
that pren < pend, While we expect the average equation of state of the Universe during this
period to satisfy the condition —1/3 < @y < 1, where the lower bound guarantees that infla-
tion has stopped. The requirement to avoid disrupting Big Bang nucleosynthesis imposes the
constraint prep > Pnuc, and we set the lower bound at ppye = g*,nuC%Tfm with Thue = 10 MeV.
The equation (2) and the condition pena < Mg, give the widest possible a priori distribution for
the reheating parameter In R.op, = [—46, 15 + %ln(é’\z—z)] [18]. The choice of the upper limit for

InVyp = —28 is due to the fact that at higher values of the parameter, the agreement with the
Planck Collaboration data becomes impossible.

In addition, the Planck Collaboration likelihood functions require consideration of 21 ‘nui-
sance’ parameters, which have a certain impact on the rate of chain convergence. We choose the
standard distributions for these parameters proposed by the Planck Collaboration as a priori
distributions.

4 Results and discussion

As a result of the analysis of Markov chains of five million points, we obtained posterior dis-
tributions for the parameters In R..; and In Vj, which are shown in Figure 1. Also, the best fit
values, mean values with standard deviation, and 95% credible limits for In R, and InVj are
shown in Table 1.

Param | best-fit mean+o 95% lower | 95% upper

In Ryen | —6.8916 | —3.077735 | —10.9 5.4
lnML%l —29.34 | —29.471092 | —29.7 —29.2

Table 1. Best fit values, mean values with standard deviation and 95% credible limits for In R, and
In V. The likelihood function was maximized to — In L3, = 1402.57, which corresponds to the minimum
value for the function x? = 2805.14.

Figure 1 shows that within In V) € [-29.8, —29.1] the parameters In R, and In V} are linearly
dependent, the calculated correlation coefficient reaches —1, which indicates that the contribu-
tion of the parameters In R, and In Vj to the dynamics of the Universe expansion is inversely
proportional within these limits.

Also, from Table 1 we can conclude that the observed data give rather strict constraints on
the parameter In Vj, but the constraints on the parameter In R, are very weak: R, can take
values within 8 orders of magnitude.

We can estimate the amount of information about the parameters of our model provided by
the observed data using the Kullback—Leibler divergence [12]:

P(In Ryen| D)
DM = [ P(ln Ry, | D) In ——22""2 d1n Rye
rch /(nRh\ i et 2 i e,
- P(InVy|D)
pxf — [ p( D)ln ——— 2" qInVj.
k= [Pt | D) SE dny;

These values are a measure of how much the obtained posterior distributions differ from the
corresponding a priori distributions. For our model, we calculated the values of D%}j ~ 1.64,
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Figure 1. The two-dimensional posterior distribution for the parameters In R, and In V{, obtained by
statistical analysis of Planck 2018 and BAO data. The light blue color indicates the 95% credible region,
and the blue color indicates the 68% credible region.

Di?{ ~ 7.73 in bits. Thus, although the data contain much more information about the inflation
parameter Vj, the value of D{é’lﬁ ~ 1.64 is already large enough to conclude that it is necessary
to take into account the model of non-instantaneous reheating when considering the evolution
of the Universe, which is consistent with the results of the authors of [18]. However, by applying
the MCMC algorithm directly to the model parameters, we were able to obtain more information
about the reheating parameter R, than they did using a model-independent approach. They
obtained the result nglﬁ ~ 1.35.

From the obtained posterior distribution of the parameter In R}, we can calculate the distri-
butions for the parameters In T op and e by performing a much less computationally expensive
MCMC algorithm. The results are shown in Table 2.

Param | best-fit meanto 95% lower | 95% upper
In £z | —44.6460 | —30.861713 |  —50.1 ~10.6
Wreh 0.6715 0.579102 0.0394 0.963
mMLI%1 —~29.56 | —29.43701] —29.7 —29.2
Table 2. Best fit values, means with standard deviation, and 95% limits for In ﬁ;};, @ren, and In Ay%l.

We obtain that the reheating temperature can vary within 16 orders of magnitude (in the
95% credible interval), but for average equation of state there is a clear preference for the values
larger than zero, meaning that the usual dust-like equation of state wy., = 0 is excluded at more
than 20 level.
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5 Conclusions

Before the RD era, the evolution of the early Universe is defined by an inflationary phase and a
reheating phase. The physics of inflation has been actively studied and is already tightly con-
strained by observations such as the CMB anisotropy, but the reheating is not always taken into
account as a key transition stage between inflation and the RD era. In this paper, we investigate
the constraints on the parameters of the Starobinsky potential model with subsequent reheating
imposed by the observed data on the CMB anisotropy and baryonic acoustic oscillations.

The observed data strictly constrain the potential parameter In V4, since the mean value and
95% credible interval are small (—29.47J_r8:%§). On the contrary, for In R, the constraints are
much weaker, which means that a wide range of values of the reheating parameter is possible,
covering about 8 orders of magnitude.

The value of the Kullbak—Leibler divergence for In R,e}, is Df?{l ~ 1.64 bits. This means that
although the constraints on this parameter are weak, the data obtained still contain enough
information to confirm the need to take into account the non-instantaneous reheating stage in
cosmological models.

The obtained divergence value of Df{eil ~ 1.64 bits is higher than in previous studies where
a model-independent approach to inflation was used (DI ~ 1.35) [18]. This indicates that
MCMC estimation directly on the model parameters can provide more information about the
parameter Ryep.

At the same time, for the reheating temperature In T}, the 95% credible interval covers
a huge range (from —49.1 to —10.6), which indicates a serious uncertainty in this parameter.
The average value of the effective state parameter during reheating .o, = 0.591 indicates that
reheating probably occurred in a medium with a tighter pressure-energy density dependence than
for conventional radiation (wpp, = 1/3). However, the 95% credible limits for @y, also cover
a fairly wide range (from 0.0394 to 0.966), which indicates some uncertainty in the physical
conditions of the reheating stage.

Thus, our results confirm the importance of taking the reheating stage into account in cos-
mological models. Despite the fact that the observed data do not yet provide strict constraints
on the reheating parameters, the influence of this stage cannot be neglected. From the Planck
2018 and BAO data, it is already possible to obtain approximately 1.64 bits of information
about the reheating parameter In R,,. In addition, there are indications that directly apply-
ing the MCMC method directly to the model parameters allows us to obtain more information
compared to inflation model-independent approaches.

Note added: While finalizing this work, new data from the Atacama cosmology telescope
(ACT) [16] was released, providing important constraints relevant to Starobinsky inflation. Mo-
tivated by this, we performed a Bayesian analysis of both Starobinsky and Higgs inflation models
including the reheating phase, incorporating the ACT observational data. The results of this
analysis are presented in [9)].
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Awnoramia. Y gawxiii poboTi mpoBeeHO OaeciBChKUil aHAI3 mapamMeTpiB Momesi iHdIIamii
Crapobiunchkoro 3 posirpiBom 3 Bukopuctanasm mMeroxy MCMC i crocrepekHuMu TaHUMA
PO aHI3OTPOIII0 PETKTOBOrO BHIIPOMIHIOBaHHSA, 3i0panuMu Komaboparieio Planck, i mpo
Gapionni akycruuni ocrmsiii. Crasio po3irpiBy 3MOmeIbOBAHO OIHUM MapamMerpoM Ryepn,
AKHH MiCTATD y cOO1 KOMOIHAIIIO TeMITepaTypu po3irpiBy Tren Ta €(PEKTHBHOIO PiBHSAHHS CTa~
HY PEYOBUHU BIPOJOBK PO3ITPIBY Wrep- 3& JOMTOMOTOK MOIU(IKOBAHOTO OOIHIIMAHIBCHKOTO
koxy CLASS i mporpamu MontePython 3 makerom GetDist 3po6eno mpsiMuii anasii3 mpocTo-
Py mapameTpiB MO/ Ta OTPUMAHO IX MOCTEPIOpHI PO3MOALIH. 3a JTOTOMOTOI0 TUBEPIEHIIiT
Kymnbaka—/JIsgitbmepa, ominero kinbkicts indopMariii, orpuManol B pe3yabTaTi aHajisy ma-
pameTpiB 3i criocTepeKHUX JAHWX. ¥ 3ANPOIOHOBAHIN nmapaMerpusanil orpumano 7.73 bira
indopmariii mpo amriTymy moreniiany iHdJsarona ta 1.64 Gita indopmarii mpo mapaMerp
posirpiBy. OTpumMani pe3ysbraTu MOPIBHAHO 3 TUMH, IO BXKE € B JIiTepaTypi, i BOHW BKa3y-
I0Th Ha Te, IO crenudikaiis momesi iuduramnii 103B0IsA€ Kpalle OOMEKUTH €Tal pO3irpiny,
HIXK Y MOJETbHO-He3aIesKHOMY miaxomi mo0 indanii. Hapemrri, BcTaHOBIEHO OOMEXKEHHsT Ha
TEeMIIEPATyPy PO3IrpiBy Ta cepejHe PiBHAHHS CTaHY. XOdYa IMEPIA MOKe 3MIHIOBATHUCA B Me-
xkax 16 unopsiiukis sesuwuunu (y 95% posipuomy inrepsasi), JUisd APYroro CLOCTEPIragrbes
qiTKa TepeBara 3Ha4YeHb, OLTBINX 34 HYJIb, 0 O3HAYAE, 10 3BUYANHE DIBHIHHSA CTAHY Uy

Wreh = 0 BUKJIIO9AETHCST 3 OLIBINT HiXK 20 piBHEM 3HATYIIOCTI.

Karowosi carosa: indasuis; posirpis; MCMC; pesikrose BunpowminioBannsi; Planck; 6aecis-

crkrmii arani3; CLASS; MontePython.
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